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To encompass decision data vagueness, many researchers generalized multi-criteria
decision-making (MCDM) methods in certain environment into fuzzy multi-criteria
decision-making (FMCDM) methods under fuzzy environment. In these FMCDM methods,
ranking fuzzy numbers based on fuzzy pair-wise comparison is normally essential, but the
comparison is a complexity work. To avoid fuzzy pair-wise comparison, we propose a
FMCDM method based on positive and negative extreme solutions of alternatives. In the
proposed method, two extreme solutions of alternatives are obtained by MAX and MIN
operations of fuzzy TOPSIS. Then weakness and strength matrices between alternatives
and extreme solutions are derived by a difference function revised from fuzzy preference
relation of Lee, and multiplied with weight matrix to be weighted weakness and strength
indices. The two weighted indices are respectively transferred into positive and negative
indices, and then the two indices integrated into a total performance index. Finally, alter-
natives can be sorted according to their related performance indices, and FMCDM problems
are easily solved, not by fuzzy pair-wise comparison.
 2010 Elsevier Inc. All rights reserved.1. Introduction
Decision-making is a procedure to select an efﬁcient alternative from feasible alternatives. Commonly, decision-making
with several criteria is multi-criteria decision-making (MCDM) [1–26], and a MCDM problem is formatted as follows:W ¼ ½W1;W2; . . . ;Wn;where A1,A2, . . . ,Am are feasible alternatives, C1,C2, . . . ,Cn are evaluation criteria, Gij is performance rating of Ai on Cj, andWj is
weight of Cj.
MCDM problems are classiﬁed into classical MCDM problems [6,9,12] and fuzzy multi-criteria decision-making (FMCDM)
problems [1–5,7,8,10,11,13–26]. In the classical MCDM problems, performance ratings and criteria weights are presented by
crisp values. On the other hand, performance ratings or criteria weights are evaluated on imprecision, subjectivity or. All rights reserved.
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[1–5,7,8,10,11,13–26] generalized classical MCDM methods under fuzzy environment, or proposed new FMCDM methods.
Within these methods, fuzzy preference relation of Lee [15] and fuzzy TOPSIS of Wang et al. [25] were two recent methods.
In Lee’s work, he proposed an extended fuzzy preference relation between fuzzy numbers to calculate strength and weakness
indices of an alternative over all the other alternatives. Then strength and weakness indices of an alternative were integrated
into a total performance index, and alternatives were ranked according to their related indices. Further, fuzzy pair-wise com-
parison is essential to criteria ratings of varied alternatives in Lee’s method. Undoubtedly, Lee’s method is strict and useful.
However, comparing an alternative with all the other alternatives on all criteria is a hard work, because fuzzy numbers are
many. In fuzzy TOPSIS, Wang et al. substituted MAX and MIN operations for max and min operations of TOPSIS to ﬁnd
positive and negative ideal solutions under fuzzy environment. Although ﬁnding ideal solutions is easy, the ideal solutions
may not exist in feasible alternatives. To improve the two above methods, we propose a FMCDM method based on positive
and negative extreme solutions.
In the FMCDM method, we ﬁrst deﬁne positive and negative extreme solutions of all feasible alternatives by MAX and
MIN operations of fuzzy TOPSIS [25]. Then distances from an alternative to the positive and negative extreme solutions
on all criteria are respectively derived by a difference function revised from fuzzy preference relation of Lee [15] to be weak-
ness matrix and strength matrix. Additionally, weighted weakness index is obtained by multiplying the weakness matrix
with weight matrix, and weighted strength index is obtained by similar means. Positive and negative indices are respectively
obtained by transferring the weighted weakness and strength indices with extreme solutions of the two. Finally, the positive
and negative indices are integrated into a total performance index of an alternative, and alternatives will be ordered by the
total performance indices.
For the sake of clarity, the related mathematics concepts are presented in Section 2. The FMCDM method based on
positive and negative extreme solutions are expressed in Section 3. In Section 4, a numerical example is illustrated to
demonstrate the method. Finally, comparing the proposed method with another method is shown in Section 5.
2. Preliminaries
In this section, we review basic notions of fuzzy sets and fuzzy numbers [29–31] presented below.
Deﬁnition 2.1. Let U be a universe set. A fuzzy set A of U is deﬁned as a membership function lA(x)? [0,1], where lA(x),
"x 2 U, indicates the degree of x in A.Deﬁnition 2.2. The a  cut of a fuzzy set A is a crisp set Aa = {xjlA(x)P a}.Deﬁnition 2.3. A fuzzy subset A of a universe set U is normal iff supx2UlA(x) = 1.Deﬁnition 2.4. A fuzzy subset A of a universe set U is convex iff lA (kx + (1  k)y)P (lA(x) ^ lA(y)), " x, y 2 U, "k 2 [0,1],
where ^ denotes the minimum operator.Deﬁnition 2.5. A fuzzy subset A of a universe set U is a fuzzy number iff A is normal and convex in U.Deﬁnition 2.6. A triangular fuzzy number A is a fuzzy number with piecewise linear membership function lA deﬁned aslAðxÞ ¼
ðx alÞ=ðah  alÞ; al 6 x < ah;
1; x ¼ ah;
ðar  xÞ=ðar  ahÞ; ah < x 6 ar;
0; otherwise;
8>><
>>:which can be denoted as a triplet (al,ah,ar).
Deﬁnition 2.7. Let A be a fuzzy number. Then ALa and A
U
a are respectively deﬁned asALa ¼ infðzÞ
lAðzÞPaandAUa ¼ supðzÞ
lAðzÞPa
:
1996 Y.-J. Wang / Applied Mathematical Modelling 35 (2011) 1994–2004Deﬁnition 2.8. A and B are two fuzzy numbers. Let  be an operation on real numbers R, such as +, , *, ^, _, etc. By exten-
sion principle, an extended operation  on fuzzy numbers can be deﬁned aslABðzÞ ¼ sup
x;y:z¼xy
flAðxÞ ^ lBðyÞg:Deﬁnition 2.9. A fuzzy preference relation R is a fuzzy subset of RR with membership function lR(A,B) representing the
preference degree of fuzzy number A over fuzzy number B [14–17].
(1) R is reciprocal iff lR(A,B) = 1  lR(B,A) for all fuzzy numbers A and B.
(2) R is transitive iff lRðA;BÞP 12 and lRðB;CÞP 12 ) lRðA;CÞP 12 for all fuzzy numbers A, B and C.
(3) R is a total ordering relation iff R is both reciprocal and transitive.
By the fuzzy preference relation, A is greater than B iff lRðA;BÞ > 12.
Deﬁnition 2.10. An extended fuzzy preference relation R is an extended fuzzy subset of RR with membership function
1 6 lR(A,B) 61 representing the preference degree of fuzzy number A over fuzzy number B [14–17].
(1) R is reciprocal iff lR(A,B) = lR(B,A) for all fuzzy numbers A and B.
(2) R is transitive iff lR(A,B)P 0 and lR(B,C)P 0) lR(A,C)P 0 for all fuzzy numbers A, B and C.
(3) R is additive iff lR(A,C) = lR(A,B) + lR(B,C).
(4) R is a total ordering relation iff R is reciprocal, transitive and additive.
By the extended fuzzy preference relation, A is greater than B iff lR(A,B) > 0.
Deﬁnition 2.11. For any two fuzzy numbers A and B, Lee [14–17] proposed an extended fuzzy preference relation P with
membership function lP(A,B) representing the preference degree of A over B deﬁned bylPðA;BÞ ¼
Z 1
0
ðA BÞLa þ ðA BÞUa
 
da:Lemma 2.1. P is reciprocal, since lP(A,B) = lP(B,A) for all fuzzy numbers A and B.Lemma 2.2. P is transitive, since lP(A,B)P 0 and lP(B,C)P 0) lP(A,C)P 0 for all fuzzy numbers A, B and C.Lemma 2.3. P is additive, since lP(A,B) + lP(B,C) = lP(A,C) for all fuzzy numbers A, B and C.
Based on Lemmas 2.1–2.3, P is a total ordering relation. The related proofs had been presented in Lee’s researches [14–16],
hence they are omitted in this paper.
Deﬁnition 2.12. For any two fuzzy numbers A and B, the difference function F of A over B revised from the membership
function of Deﬁnition 2.11 is deﬁned asFðA;BÞ ¼ jlPðA;BÞj ¼
Z 1
0
ðA BÞLa þ ðA BÞUa
 
da

:
Deﬁnition 2.13. Let S = {X1,X2, . . . ,Xs} denote a set of triangular fuzzy numbers and a fuzzy number Xt = (xtl,xth,xtr) 2 S, where
t = 1,2, . . . ,s. Then negative extreme value X of Xt is deﬁned as [25]MINfX1;X2; . . . ;Xsg ¼MIN
t
fXtg ¼ X ¼ xl ; xh ; xr
 
;wherexl ¼ mint fxtlg;
xh ¼ mint fxthgandxr ¼mint fxtrg:
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 
,
wherexþl ¼maxt fxtlg;
xþh ¼maxt fxthgandxþr ¼maxt fxtrg:Through above notions, we propose a FMCDM method in next section.3. The FMCDM method
To solve FMCDM problems, we propose a FMCDM method based on positive and negative extreme solutions, and de-
scribed below. In FMCDM problems, alternatives A1,A2, . . . ,Am are evaluated on criteria C1,C2, . . . ,Cn, and Gij = (gijl,gijh,gijr) rep-
resents performance rating of Ai on Cj, where i = 1,2, . . . ,m; j = 1,2, . . . ,n. A decision matrix G = [Gij]mn is composed of
performance ratings of m alternatives on n criteria. Additionally, [Gi1,Gi2, . . . ,Gin] indicates a performance rating matrix of
alternative Ai on n criteria, for i = 1,2, . . . ,m.
Let eGij be normalization of Gij. eGij can be classiﬁed into following situations.
(i) As Gij belongs to cost criteria, eGij ¼ gjgijr ; gjgijh ; gjgijl
 
, where gj ¼ minifgijlg, " j.
(ii) As Gij belongs to beneﬁt criteria, eGij ¼ gijlgþ
j
;
gijh
gþ
j
;
gijr
gþ
j
 
, where gþj ¼maxifgijrg, "j.
Moreover, ½eGi1; eGi2; . . . eGin is normalization of [Gi1,Gi2, . . . ,Gin].
Let A and A+ respectively denote negative extreme solution and positive extreme solution of A1,A2, . . . ,Am by
Deﬁnition 2.13.A ¼ eG1 ; eG2 ; . . . ; eGnh iandAþ ¼ eGþ1 ; eGþ2 ; . . . ; eGþnh i;
whereeGj ¼ MIN
i
feGijgandeGþj ¼ MAXi feGijg
for i = 1,2, . . . ,m; j = 1,2, . . . ,n.
By Deﬁnition 2.12, entries of strength and weakness matrices are derived. We deﬁne FðeGij; eGj Þ to be strength value of eGij
over eGj , and F eGij; eGþj  to be weakness value of eGij over eGþj . Further, F eGij; eGj  is an entry of the strength matrix and
FðeGij; eGþj Þ is an entry of the weakness matrix, where i = 1,2, . . . ,m; j = 1,2, . . . ,n. Let Wj be a triangular fuzzy number to indi-
cate weight of Cj, where j = 1,2, . . . ,n. Then D

i expresses weighted strength index of alternative Ai over the negative extreme
solution A, and Dþi presents weighted weakness index of alternative Ai over the positive extreme solution A
+. Let  be an
extension multiplication on fuzzy numbers. AssumeDi ¼
Xn
j¼1
Wj  F eGij; eGj  ¼ dil ;dih;dir andDþi ¼
Xn
j¼1
Wj  F eGij; eGþj  ¼ dþil ;dþih;dþir ;
where i = 1,2, . . . ,m.
Then positive and negative extreme solutions of themweighted strength indices are derived by MAX andMIN operations,
and positive and negative extreme solutions of the m weighted weakness indices are obtained by the same means.
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andNDþ ¼MAXi Di
	 

;for i = 1,2, . . . ,m.
Negative index of Ai is deﬁned asAi ¼
F Di ;ND
þ 
F Di ;ND
þ þ F Di ;ND  ; i ¼ 1;2; . . . ;m:
Similarly,PD ¼MINi Dþi
	 
andPDþ ¼MAXi Dþi
	 

;for i = 1,2, . . . ,m.
We deﬁne positive index of Ai to beAþi ¼
F Dþi ; PD
þ 
F Dþi ; PD
þ þ F Dþi ; PD  ; i ¼ 1;2; . . . ;m:
Finally, total performance index of Ai is deﬁned asAi ¼ Aþi  1 Ai
 
; i ¼ 1;2; . . . ;m:
Alternatives can be ranked according to their related total performance indices. The FMCDM is ﬁnished.
4. Numerical example
We illustrate a numerical example to describe the proposed method in this section. Suppose that a company desires to
select an efﬁcient location for establishing a new factory. In the selection problem, A1, A2 and A3 are three feasible locations
(alternatives) and E1, E2, E3 and E4 are four experts employed to evaluate the three locations based on six following criteria.
The criteria includes local climate (C1), regional demand (C2), expansion possibility (C3), transportation availability (C4), labor
quality (C5) and investment cost (C6). In the six criteria, C1, C2, C3, C4 and C5 are beneﬁt criteria, whereas C6 is a cost criterion
(unit: million).
Additionally, evaluation ratings are presented by linguistic terms [27,28] and related fuzzy numbers shown in Table 1.
Criteria weights are obtained by the same means and expressed in Table 2.Table 1
The linguistic terms and related fuzzy numbers of evaluation ratings.
Linguistic terms Fuzzy ratings
Very poor (VP) (0,0,2)
Poor (P) (0,2,4)
Medium poor (MP) (2,4,5)
Fair (F) (4,5,6)
Medium good (MG) (5,6,8)
Good (G) (6,8,10)
Very good (VG) (8,10,10)
Table 2
The linguistic terms and related fuzzy numbers of criteria weights.
Linguistic terms Fuzzy weights
Very low (VL) (0,0,0.3)
Low (L) (0,0.3,0.5)
Medium (M) (0.3,0.5,0.7)
High (H) (0.5,0.7,1)
Very high (VH) (0.7,1,1)
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sented in Tables 3 and 4.
Based on Tables 1 and 3, fuzzy group decision matrix is derived and shown in Table 5.
Through Tables 2 and 4, average weight matrix is shown in Table 6.Table 3
The linguistic ratings evaluated by experts.
Criteria Locations E1 E2 E3 E4
C1 A1 MG MG VG G
A2 G G G VG
A3 F F MG MG
C2 A1 VG VG G MG
A2 F MG F F
A3 VG VG G VG
C3 A1 MG MG MG F
A2 VG VG G VG
A3 MG G MG MG
C4 A1 VG G G VG
A2 G G MG G
A3 VG G G F
C5 A1 MG G VG G
A2 MG G VG MG
A3 G VG G G
C6 A1 9 8 10 9
A2 5 6 4 3
A3 10 9 8 9
Table 4
The linguistic weights evaluated by experts.
E1 E2 E3 E4
C1 VH H M H
C2 M M H H
C3 VH M H H
C4 H M L M
C5 H M H M
C6 M H M H
Table 5
The fuzzy group decision matrix.
C1 C2 C3 C4 C5 C6
A1 (6,7.5,9) (6.75,8.5,9.5) (4.75,5.75,7.5) (7,9,10) (6.25,8,9.5) 9
A2 (6.5,8.5,10) (4.25,5.25,6.5) (7.5,9.5,10) (5.75,7.5,9.5) (6,7.5,9) 4.5
A3 (4.5,5.5,7) (7.5,9.5,10) (5.25,6.5,8.5) (6,7.5,9) (6.5,8.5,10) 9
Table 6
The average weight matrix.
W1 W2 W3 W4 W5 W6
(0.5,0.725,0.925) (0.4,0.6,0.85) (0.5,0.725,0.925) (0.275,0.5,0.725) (0.4,0.6,0.85) (0.4,0.6,0.85)
Table 7
The normalized fuzzy group decision matrix.
C1 C2 C3 C4 C5 C6
A1 (0.6,0.75,0.9) (0.675,0.85,0.95) (0.475,0.575,0.75) (0.7,0.9,1) (0.625,0.8,0.95) (0.5,0.5,0.5)
A2 (0.65,0.85,1) (0.45,0.525,0.65) (0.75,0.95,1) (0.575,0.75,0.95) (0.6,0.75,0.9) (1,1,1)
A3 (0.45,0.55,0.7) (0.75,0.95,1) (0.525,0.65,0.85) (0.6,0.75,0.9) (0.65,0.85,1) (0.5,0.5,0.5)
2000 Y.-J. Wang / Applied Mathematical Modelling 35 (2011) 1994–2004Normalizing entries of Table 5, we can obtain normalized fuzzy group decision matrix shown in Table 7. Based on Table 7,
negative and positive extreme solutions of A1, A2 and A3 are derived and shown in Table 8.
Through entries of Tables 7 and 8, strength matrix of three locations over the negative extreme solution are obtained in
Table 9, and weakness matrix of the three locations over the positive extreme solution are derived in Table 10.
In Table 11, weighted strength indices of the three locations are derived by multiplying the strength matrix with average
weight matrix, and weighted weakness indices are obtained by multiplying the weakness matrix with average weight
matrix.
Through Table 11, negative and positive extreme solutions of the weighted strength indices derived by MIN and MAX
operations are shown in Table 12. Negative and positive extreme solutions of the weighted weakness indices obtained by
the same means are also shown in Table 12.Table 8
The negative and positive extreme solutions of three locations.
C1 C2 C3 C4 C5 C6
A (0.45,0.55,0.7) (0.45,0.525,0.65) (0.475,0.575,0.75) (0.575,0.75,0.9) (0.6,0.75,0.9) (0.5,0.5,0.5)
A+ (0.65,0.85,1) (0.75,0.95,1) (0.75,0.95,1) (0.7,0.9,1) (0.65,0.85,1) (1,1,1)
Table 9
The strength matrix.
C1 C2 C3 C4 C5 C6
A1 0.375 0.5875 0 0.2625 0.0875 0
A2 0.55 0 0.6375 0.025 0 1
A3 0 0.75 0.15 0.0125 0.175 0
Table 10
The weakness matrix.
C1 C2 C3 C4 C5 C6
A1 0.175 0.1625 0.6375 0 0.0875 1
A2 0 0.75 0 0.2375 0.175 0
A3 0.55 0 0.4875 0.25 0 1
Table 11
The weighted strength and weakness indices.
Di D
þ
i
A1 (0.53,0.808,1.111) (0.906,1.339,1.814)
A2 (1.001,1.473,1.967) (0.435,0.674,0.958)
A3 (0.448,0.67,0.934) (0.988,1.477,1.991)
Table 12
The extreme solutions of the weighted strength and weakness indices.
ND ND+ PD PD+
(0.448,0.67,0.934) (1.001,1.473,1.967) (0.435,0.674,0.958) (0.988,1.477,1.991)
Table 13
The negative indices of the three locations.
Negative indices
A1 0.833
A2 0
A3 1
Table 14
The positive indices of the three locations.
Positive indices
Aþ1 0.167
Aþ2 1
Aþ3 0
Table 15
The total performance indices of locations.
Total performance indices
A1 0.028
A2 1
A3 0
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indices derived by similar means are expressed in Table 14.
Integrating entries of Tables 13 and 14, total performance indices are derived in Table 15.
The total performance indices are A1: 0.028, A2: 1 and A3 : 0. The rank order by the total performance indices is
A2 > A1 > A3. Alternative A2 is an efﬁcient location. The selection problem is solved.5. Comparison of the proposed method and another FMCDM method
To demonstrate our method feasibility, the method is compared with another FMCDM method. We utilize the proposed
method to rank alternatives in an example of airline competitiveness evaluation illustrated from Lee et al. [17], and the rank-
ing order is A2 > A3 > A1 through their method. In this example, fuzzy group decision matrix and weight matrix are formatted
as Table 16.
Based on the fuzzy group decision matrix, normalized fuzzy group decision matrix is derived in Table 17. Then, negative
and positive extreme solutions of A1, A2 and A3 are obtained in Table 18.
Through entries of Tables 17 and 18, strength matrix of three airlines over the negative extreme solution are obtained in
Table 19, and weakness matrix of the three airlines over the positive extreme solution are derived in Table 20.
In Table 21, weighted strength indices of the three airlines are derived by multiplying the strength matrix with weight
matrix, and weighted weakness indices are obtained by multiplying the weakness matrix with weight matrix.Table 16
The fuzzy group decision matrix and weight matrix of airline competitiveness evaluation.
C1 C2 C3 C4 C5
A1 (5.7,7,9.3) (5,7,9) (5.7,7.7,9) (8.3,9.67,10) (3,5,7)
A2 (6.3,8.3,9.7) (9,10,10) (8.3,9.7,10) (9,10,10) (7,9,10)
A3 (6.3,8,9) (7,9,10) (7,9,10) (7,9,10) (6.3,8.3,9.7)
Weights (0.7,0.9,1) (0.9,1,1) (0.77,0.93,1) (0.9,1,1) (0.43,0.63,0.83)
Table 17
The normalized fuzzy group decision matrix of airline competitiveness evaluation.
C1 C2 C3 C4 C5
A1 (0.588,0.722,0.959) (0.5,0.7,0.9) (0.57,0.77,0.9) (0.83,0.967,1) (0.3,0.5,0.7)
A2 (0.649,0.856,1) (0.9,1,1) (0.83,0.97,1) (0.9,1,1) (0.7,0.9,1)
A3 (0.649,0.825,0.928) (0.7,0.9,1) (0.7,0.9,1) (0.7,0.9,1) (0.63,0.83,0.97)
Table 18
The negative and positive extreme solutions of airline competitiveness evaluation.
C1 C2 C3 C4 C5
A (0.588,0.722,0.928) (0.5,0.7,0.9) (0.57,0.77,0.9) (0.7,0.9,1) (0.3,0.5,0.7)
A+ (0.649,0.856,1) (0.9,1,1) (0.83,0.97,1) (0.9,1,1) (0.7,0.9,1)
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itiveness evaluation are derived and shown in Table 22. Negative and positive extreme solutions of the weighted weakness
indices obtained by the same means are also shown in Table 22.
Then negative indices of airline competitiveness evaluation are expressed in Table 23 through entries of Tables 21 and 22.
Similarly, positive indices of airline competitiveness evaluation obtained through entries of Tables 21 and 22 are shown in
Table 24.
Integrating entries of Tables 23 and 24, total performance indices of airline competitiveness evaluation are derived in
Table 25.
The total performance indices are A1: 0, A2: 1 and A3: 0.350. The ranking order according to the total performance indices
is A2 > A3 > A1.
The result is consistent with the computation of Lee et al. [17], but our method is simpler than the method of Lee et al. on
calculation. Further, ranking fuzzy numbers is commonly essential for FMCDMmethods to derive an efﬁcient solution under
fuzzy environment. However, ranking fuzzy numbers based on fuzzy pair-wise comparison increases time complexity. For
instance, the FMCDM method [14,15,17] of Lee et al. is compendiously presented in following steps.
Step 1: Identify criteria for a giving FMCDM problem.
Step 2: Aggregate fuzzy decision matrix and weight matrix employed by decision-maker, and normalize the fuzzy decision
matrix.Table 19
The strength matrix of airline competitiveness evaluation.
C1 C2 C3 C4 C5
A1 0.015 0 0 0.132 0
A2 0.201 0.55 0.38 0.2 0.75
A3 0.134 0.35 0.245 0 0.63
Table 20
The weakness matrix of airline competitiveness evaluation.
C1 C2 C3 C4 C5
A1 0.186 0.55 0.38 0.068 0.75
A2 0 0 0 0 0
A3 0.067 0.2 0.135 0.2 0.12
Table 21
The weighted strength and weakness indices of airline competitiveness evaluation.
Di D
þ
i
A1 (0.13,0.146,0.147) (1.301,1.611,1.806)
A2 (1.431,1.757,1.954) (0,0,0)
A3 (0.868,1.095,1.252) (0.562,0.661,0.702)
Table 22
The extreme solutions of weighted strength and weakness indices for airline competitiveness
evaluation.
ND ND+ PD PD+
(0.13,0.146,0.147) (1.431,1.757,1.954) (0,0,0) (1.301,1.611,1.806)
Table 23
The negative indices of airline competitiveness evaluation.
Negative indices
A1 1
A2 0
A3 0.409
Table 24
The positive indices of airline competitiveness evaluation.
Positive indices
Aþ1 0
Aþ2 1
Aþ3 0.591
Table 25
The total performance indices of airline competitiveness evaluation.
Total performance indices
A1 0
A2 1
A3 0.350
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Step 4: Derive weakness matrix from the normalized decision matrix.
Step 5: Derive fuzzy weighted strength indices from the strength matrix and fuzzy weight matrix.
Step 6: Derive fuzzy weighted weakness indices from the weakness matrix and fuzzy weight matrix.
Step 7: Calculate strength index from the fuzzy weighted strength indices and weakness indices.
Step 8: Calculate weakness index from the fuzzy weighted strength indices and weakness indices.
Step 9: Aggregate the strength and weakness indices into total performance indices.
Step 10: Rank alternatives according to the total performance indices.
Through the above ten steps, fuzzy pair-wise comparison will be operated in Step 3, Step 4, Step 7 and Step 8 by fuzzy
preference relation satisfying reciprocal, transitive and additive. The comparison number is Cðn;2Þ ¼ nðn1Þ2 as n fuzzy num-
bers are pair-wise compared, thus the method time complexity is O(n2). On the other hand, our method is presented in the
following.
Step 1: Find alternatives, criteria and weights to a FMCDM problem.
Step 2: Aggregate fuzzy group decision matrix and weight matrix employed by experts, and normalize the fuzzy group
decision matrix.
Step 3: Derive negative extreme solution by MIN operation from the normalized fuzzy group decision matrix.
Step 4: Derive positive extreme solution by MAX operation from the normalized fuzzy group decision matrix.
Step 5: Calculate strength matrix of alternatives over the negative extreme solution.
Step 6: Calculate weakness matrix of alternatives over the positive extreme solution.
Step 7: Calculate weighted strength indices by multiplying the strength matrix with weight matrix.
Step 8: Calculate weighted weakness indices by multiplying the weakness matrix with weight matrix.
Step 9: Derive negative indices of alternatives form the weighted strength indices.
Step 10: Derive positive indices of alternatives form the weighted weakness indices.
Step 11: Combine the negative with positive indices into total performance indices.
Step 12: Rank alternatives according to the total performance indices.
Obviously, fuzzy pair-wise comparison is not necessary for the proposed method. Since fuzzy numbers are only compared
with extreme value in the method, time complexity on fuzzy operation is O(n). Further, combining positive with negative
extreme solutions to rank alternatives under fuzzy environment is easy and simple. That is to say, the two extreme solutions
are critical for the FMCDM.6. Conclusions
In the proposed method, alternatives under fuzzy environment are easily ranked based on positive and negative extreme
solutions. Fuzzy pair-wise comparison is a main difference between our method and other FMCDM methods. Practically,
time complexity of fuzzy pair-wise comparison is O(n2) on fuzzy operation, whereas time complexity of our method is
O(n) on fuzzy operation. It is obvious that positive and negative extreme solutions are critical components in our method.
For instance, Lee [14] had mentioned that time complexity of ranking n fuzzy numbers by fuzzy preference relation was
O(n), whereas time complexity of utilizing traditional methods is O(n2) for comparing n fuzzy numbers on pair-wise. Based
on above, Lee’s strength and weakness indices obtained by extended fuzzy preference relation [15] are essential on fuzzy
pair-wise comparison, so time complexity on fuzzy operation is O(n2). Additionally, extreme solutions derived by MAX
2004 Y.-J. Wang / Applied Mathematical Modelling 35 (2011) 1994–2004and MIN operations are as similar as ideal solutions done by fuzzy TOPSIS. Herein, extreme solutions substitute for ideal
solutions in name because the solutions may not exist in feasible alternatives. Further, our method provides weakness
(strength) matrix of alternatives over positive (negative) extreme solution beside total performance index, thus decision-ma-
ker will be able to evaluate all feasible alternatives on different perspectives or additional criteria in the future, and use the
method in many industries for FMCDM as well.
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